In publications [1] a new approach to perturbative QCD, the renormalization group (RG) invariant analytic approach (IAA) was proposed (for the exhaustive review on this approach we recommend paper [2] ). This method consistently takes into account the renormalization invariance and analyticity in perturbation theory (PT).
Exact solution for the two-loop coupling in the spacelike region
The running coupling of QCD satisfies the differential equation b
α s (µ 2 ) = α s = g 2 4π , g is the renormalized coupling constant, µ is the renormalization point, and f denotes the number of quark flavors. In the class of schemes where the beta-function is mass independent β are universal
The result for β f 2 is available in the modified M S (M S) scheme
For convenience in what follows we shall omit index f in the coefficients β f k . Exact two-loop solution to Eq. (1) is given by [10, 11] α (2) s (Q 2 , f ) = − 4πβ 0 β 1
where ζ = − 1 eb
b = β 1 /β 2 0 , Λ ≡ Λ M S and W (ζ) denotes the Lambert W function [12] . This is the multivalued inverse of ζ = W (ζ) exp W (ζ).
The branches of W are denoted W k (ζ), k = 0, ±1, . . . . A detailed review of properties and applications of this special function can be found in [12] . The three-loop solution (with Pade transformed betafunction) for the coupling is [11] α (3) 
where
Expressions (4) and (6) allows us to perform analytical continuation in the complex Q 2 plane and to calculate discontinuity along the negative Q 2 axis. c In this way we construct the corresponding analytically improved expressions for the coupling. The "analyticized n-th power" of the coupling, obtained from the solution (6) , can be written as
n (σ, f ) σ + Q 2 dσ = 1 π ∞ −∞ e t (e t + Q 2 /Λ 2 )ρ (3) n (t, f )dt, (8) b We use the notation Q 2 = −q 2 , Q 2 > 0 corresponds to a spacelike momentum transfer. c For details of analytical continuation we recommend papers [10] and [11] .
whereρ (3) 
with
Taking the limit β 2 → 0 in (9) one can reproduce the corresponding formula for the two loop case.
3 Continuation of the QCD running coupling to the timelike region
In Analytic Perturbation Theory instead of common power series for observables, there appears asymptotic series over the set of oscillating functions A n (Q 2 , f ) and A n (s, f ) in the spacelike and timelike regions correspondingly [6, 7, 8, 9] . The functions A n (s, f ) are determined by the integrals [2] ,
where the spectral function defined as ρ n (σ, f ) = ℑ{α s (−σ − ı0)} n . In the one-loop order the set {A n (s)} has been studied in Ref. [3] . In this case, the first four functions of the set are given by
heres = s/Λ 2 . In this section we will calculate A n (s, f ) to second and third orders. Let us define the auxiliary functions
where ℑã n (t, f ) =ρ n (t, f ) ≡ ρ n (σ, f ) with σ = exp(t). Then A n (s, f ) = ℑR n (s, f ). The expresions forã, at the two and three loop orders, can be read from (9) . In the two loop casẽ
:
Integral (13), with (14) , can be rewritten as a contour integral in the complex z-plane
here
and the limit ǫ → 0 is assumed. Let us introduce the new integration variable in (15) 
then
For n > 2, from (18) we find the relation
where p n = 4(−1) n (4π) n−1 β n−2 0 /β n−1
1
. Hence, for n > 2
Eq. (20) can be rewritten as the recurrence relation for A n (s)
formula (21) gives the generalization of the similar one-loop order relation obtained in paper [4] . Thus, it is sufficient to calculate A 1 and A 2 . Note that R
1 (s, f ) is divergent in the limit ǫ → 0, (see (15) ). Nevertheless, it has finite imaginary part d . By direct calculation we find
with z s given by (16) . Using the known asymptotic behavior of the W-function [12] , in the limit s → 0, we verifyα
Analogically in three loop case we find
Note that the "analyticized" perturbative expansions for timelike observables (which contain specific functions A n ) may be rewritten as power series in traditional couplingᾱ s (s) with modified by π 2factors coefficients [4, 5] . Previously, these modified power series have been introduced and considered in papers [17, 18, 19, 20, 21, 22, 23, 24, 25] . Thus, "π 2 -effects" for various timelike quantities have been estimated in paper [24] , in particular, it was found that the π 2 -factors give dominating contributions to the coefficients of R(s) = σ tot (e + e − → hadrons)/σ(e + e − → µ + µ − ). On the other hand, in recent paper [4] various timelike events was analyzed in the f=5 region. Higher-order "π 2effects" have been taken into account properly. It was found that the extracted values for α s (M 2 z ) are influenced significantly by these effects. d for the asymptotic behaviour of the W function see paper [12] 4 Matching procedure and construction of the global space-like and time-like couplings
In MS-like renormalization schemes important issue is how to introduce the matching conditions for the strong coupling constant at the heavy quarks thresholds. In literature few different recipes are known (see for example [4, 5, 27, 28, 29, 30] ). Here, we follow works [4, 5] . Let us impose the continuity relationsᾱ
Inserting in (28) the three-loop solution (6) we solve equation (28) for Λ f
In paper [4] special model for the spectral functions ρ n (σ) was proposed
here the mass M f corresponds to the quark with flavor f, and Λ f is determined according formula (29). Inserting (32) in formula (11) we find following expression for the "analyticized powers" of the global coupling in the timelike region [4] A n (s) = A n (s, f )
where the shift coefficients C n (f ) are defined by relation
with C n (6) = 0. The analogical formula follows for the corresponding global spacelike functions
Numerical estimations
For the quarks masses throughout this paper we assume the values
GeV , M 5 = 4.3 GeV and M 6 = 170 GeV . In practice usually used the iterative approximation for the coupling [31]
where L = ln Q 2 /Λ 2 M S . The same formula is used in the timelike region. It is instructive to compare solutions (6) and (36). Numerical results for these functions are summarized in the Table 2 . We see, that the difference between these functions becomes essential in the region Q < 2.5 GeV . In this region, we recommend the formula (6) for treating the experimental data.
In Table 3 we give results for the three-loop Pade approximated coupling α (3) (Q 2 , 5) and the corresponding analytic coupling A
1 (Q 2 , 5). In Table 4 , α (3) (s, 5) and A 
the relative difference ∆ (%) between α (3) (Q 2 , 5) and A
1 (Q 2 , 5) decreases from 1.4% at Q = 5 GeV to 0.15% at Q = 200 GeV , whereas the difference between α (3) (s, 5) and A 
1 (Q 2 , 5) and A
1 (s, 5) is essentially violated (see Tables 3 and 4 ). Thus, the relative difference, ∆(%) = (A
GeV to 1.5% at 200 GeV . In Table 5 various functions at the two and three loop orders are compared. We choose f = 5 and Λ 5 = 215 M eV . Correspondingly, Λ Table 1 ).
Let us compare the global three-loop function A
1 (Q 2 ) (see Table 9 ) and α (3) (Q 2 , 5) (Table 3 ) in the case Λ 3 = 400 M eV (the corresponding value for Λ 5 is 264 M eV ). We see that the global coupling A 1 (Q 2 ) becomes negative when Q increases. For Λ 3 = 400 M eV , this takes place at Q ∼ 17 GeV . This difference is small but it increases with Q. It is about 0.6% at Q = 200 GeV . The same effect is occurred for other values of the Λ 3 . This enhancement of the global APT coupling can be explained from formula (35). It is easy to verify that (35) contains additional positive non-perturbative contribution, which was not in the case of the local APT coupling (8) . This contribution increase the coupling for large values of Q.
Such a behavior does not occur in the case of the global timelike coupling A
n (s) (compare Tables 4 and 10 ). However, the difference between α (3) (s, f = 5) and A to 2% at 100 GeV (see Tables 9 and 10 ). The relative differences ∆ n (%) between A
n (Q 2 ) and A GeV .
With the algebraic computer system Maple V release 5 we were able to calculate the quantities {α s (Q 2 , f )} n and A n (s, f ) (see formulas (4), (6), (25)-(27)) with any arbitrary given accuracy. However, this is no case for formulas (8) and (35). These integrals are singular at t → ±∞, therefore, one needs to use a cutoff. With Maple V release 5 the cutoff may be as big as 10 4 . This guarantees to obtain 4-5 reliable digits after decimal point. Most of our calculations we have performed with this precession. To obtain more accurate results we suggest following formula
Here A n (Q 2 , f, L) denotes integral (8) with cutoff L. We remark that formula (38) provides sufficiently high precession even for low values of the cutoff.
Conclusion
The"analyticized n-th power" of the coupling, up to the third order, is written in terms of the Lambert W function (see formula (8)).
The "analyticized powers" of the coupling in the timelike region, A (4), (6) and (29)).
The global model for the coupling, of Refs.
[4]- [5] , is considered up to the third order in the context of obtained explicit solutions.
In Sec.5 numerical estimations of the explicit solutions for the powers of the standard and analytical couplings are given. We have compared various solutions in the large region of momentum transfer and energy, 1 GeV ≤ √ s, Q ≤ 200 GeV (see Tables 1-12 ). We have confirmed that the differences between the powers of the standard iterative solution (36) and the "analyticized timelike powers" A
n (s) are appreciable even for moderate energies. .
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